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 1 .  I NTRODUCTION
 In this note a prelattice  L  is a poset ( 5  partially ordered set) ( L ,  < ) such that
 L #  5  L  <  h 0 ,  1 j  is a lattice , where 0 and 1 are two new elements such that 0  ,  x  ,  1 ,  for
 all  x  P  L  (see Definition 2 . 1) .
 Let  L  be a finite prelattice . The main result in this note is closely related to a recent
 result of Andreas Blass and Bruce Sagan [2] on the Mo ¨  bius function of  L #  .  In [2] , Blass
 and Sagan define the notion of an NBB-subset (not bounded below subset) of the set of
 atoms of  L #   and give a formula for the Mo ¨  bius function  m  ( x ) ,  for  x  P  L #   in this
 terminology .
 As is well known , the Mo ¨  bius function  m  ( x ) is the reduced Euler characteristic of the
 order complex (see Section 2) of the induced subposet  L , x  5  h  y  P  L :  y  ,  x j .  Notice that
 L , x  is a prelattice , so the result in [2] is basically a result on the reduced Euler
 characteristic of the order complex of a prelattice (see Theorem 3 . 6) . Thus in an
 attempt to understand the result in [2] we observed that it follows from a more general
 fact about the homotopy equivalence of the order complex of  L  and another simplicial
 complex , denoted here by NBB( L ) and defined in Section 3 .
 As the definitions are somewhat involved , we leave them for the following section .
 Our main result is Theorem 3 . 5 below . We mention that , given a finite group  G  and a
 prime  p ,  the Brown and the Quillen complex of  G  at the prime  p  are (order complexes
 of) prelattices , so the results of this note apply in these cases . Thus we hope that the
 results of this note will be helpful in the research on the Brown and Quillen complexes
 (see the survey article [1]) .
 2 .  P RELIMINARIES
 All simplicial complexes in this note are finite abstract simplicial complexes . We
 assume that the reader is familiar with the definition of a simplicial complex . All of our
 simplicial complexes have the empty set as the unique  2 1-dimensional simplex . We
 also assume that the reader is familiar with the definition of the  reduced Euler
 characteristic  of a simplicial complex  K ,  which we denote by  χ˜  ( K ) .
 In this section ( L ,  < ) is a finite poset . We use standard notation for  L .  Thus , for
 x  P  L , L < x  5  h  y  P  L :  y  <  x j , L , x  5  h  y  P  L :  y  ,  x j  etc . Recall that the  order complex  of
 L ,  denoted here by  D ( L ) ,  is the simplicial complex the vertex set of which is  L  and the
 simplices of which are the chains of  L  (we include the empty chain , i . e . the empty
 simplex) . Now , via the functor of geometric realization , we can assign topological
 properties to abstract simplicial complexes and hence to posets . In particular , we can
 talk about homotopy equivalent simplicial complexes .
 N OTATION AND  D EFINITIONS 2 . 1
 (1)  We denote by  L #   the poset obtained from  L  by adding two new elements 0 and 1 ,
 such that for all  x  P  L ,  0  ,  x  ,  1 .
 (2)  We denote by  !  ( L ) the set of atoms of  L #  ,  i . e . the set of minimal elements of  L .
 (3)  Given a subset  s  Ô  L ,  we denote  !  ( s )  5  s  >  ! ( L ) .
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 (4)  Let  s  Ô  L .  We denote by  ∨  s  P  L  the  join  of the elements of  s  in  L  (the least
 upper bound) if it exists and by  ∧  s  the  meet  of the elements of  s  in  L  (the greatest
 lower bound) if it exists . For  s  Ô  L #  ,  we denote by  ∨#  s  (respectively  ∧#  s ) the join
 (respectively the meet) of the elements of  s  in  L #  .
 (5)  L #   is a  lattice  if , for all subsets  s  Ô  L #  ,  ∨#  s  and  ∧#  s  exist .  L  is a  prelattice  if  L #   is a
 lattice .
 (6)  Suppose that  L #   is a lattice . A subset  s  Ô  L  is a  spanning subset  if  ∨#  s  5  1 .  We
 denote by  6  ( L ) the collection of spanning subsets of  L .
 (7)  Suppose  < l  is a partial order on  !  ( L ) .  Given a subset  -  Ô  !  ( L ) ,  we denote by
 } ( -  ,  < l ) the set of minimal elements in  -  (under the relation  < l ) .
 D EFINITION 2 . 2 .  Suppose that ( L ,  < ) is a prelattice . Let  < l  be a partial order on
 !  5  ! ( L ) .  A subset  -  Ô  !  is  bounded below  if  -  ?  [ , and no element of  -  is minimal
 in  !  ( L < ∨#  - ) ; that is ,  -  >  } ( ! ( L < ∨#  - ) ,  < l )  5  [ . In this case we say that  -  is a  BB - subset
 of  !  . A subset  =  Ô  !  is  not bounded below  if  =  contains no BB-subset of  !  . In this
 case we say that  =  is an  NBB - subset  of  !  .
 E XAMPLE 2 . 3 .  Let  G  be a finite group and  p  a prime . Let  L  be the poset of all
 non-trivial  p -subgroups of  G  ordered by inclusion . It is easy to check that  L  is a
 prelattice . Notice that  X  P  ! ( L ) if f  X  is a subgroup of  G  of order  p .  Call  X  P  ! ( L )
 central if f  X  is contained in the center of some Sylow  p -subgroup of  G  and non-central
 otherwise . Define an order relation  < l  on  !  ( L ) by  X  v  Y ,  if f  X  is non-central and  Y  is
 central . Let  -  Ô  !  ( L ) be non-empty and let  H  be the subgroup generated by the
 central elements of  -  . Then  -  is an NBB-subset if f either  H  is the trivial subgroup (i . e .
 all  X  P  -  are non-central) , or for all  X  P  ! ( L ) such that  X  <  H , X  is central .
 D EFINITION 2 . 4 .  Let  K  be a simplicial complex . A  co y  er of K  is a finite family
 ^  5  h F l :  l  P  L j  of subcomplexes of  K  such that every simplex of  K  is a simplex of some
 F l  .  The cover  ^   is a  contractible co y  er  if for each non-empty subset  s  Ô  L ,  " l P s  F l  is
 either  h [ j  or contractible . The  ner y  e of the co y  er  ^   is the simplicial complex  1  ( ^  ) , the
 vertex set of which is  L  and the simplices of which are subsets  s  Ô  L  such that  s  5  [ ,  or
 s  ?  [  and  " l P s  F l  is contractible .
 The following theorem is well known (see [3]) .
 T HEOREM 2 . 5 .  ( Ner y  e Theorem ) . Let  ^  5  h F l :  l  P  L j  be a contractible co y  er of a
 simplicial complex K . Then K is homotopy equi y  alent to the ner y  e of the co y  er  ^  .
 C OROLLARY 2 . 6 .  Let L be a prelattice . Let  Meet( L )  be the simplicial complex the
 y  ertex set of which is L and the simplices of which are subsets s  Ô  L , such that  ∧  s  P  L
 ( the meet of s exists in L ) . Then  D ( L )  is homotopy equi y  alent to  Meet( L ) .
 P ROOF .  This is well known and follows from the Nerve Theorem 2 . 5 . Let  K  5  D ( L )
 and , for  x  P  L ,  let  F x  5  D ( L < x ) .  Clearly ,  ^  5  h F x :  x  P  L j  is a contractible cover of  D ( L ) ,
 the nerve of which is Meet( L ) .  h
 3 .  T HE C OMPLEXES NBB( L )  AND N #  BB( L )
 In this section ( L ,  < ) is a prelattice . Furthermore ,  < l  is a fixed partial order on
 !  ( L )  5  ! .
 D EFINITION 3 . 1 .  We denote by NBB( L ) the simplicial complex on the vertex set  ! 
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 the simplices of which are the NBB-subsets  -  Ô  !  , such that  ∨  -  exists in  L .  We
 denote by N #  BB( L ) the simplicial complex on the vertex set  !  , the simplices of which
 are all NBB-subsets of  !  . Finally , we denote by  6 N ( L ) the set of all simplices  -  of
 N #  BB( L )  such that  -  is  not  a simplex of NBB( L ) (the spanning simplices of N #  BB( L )) .
 E XAMPLE 3 . 2 .  Let  L  be as in Example 2 . 3 . The order complex of  L ,  D ( L ) is called
 the  Brown complex  of  G  at the prime  p .  ! ( L ) and an NBB-subset of  L  are described
 in Example 2 . 3 . NBB( L ) is the simplicial complex on  !  ( L ) the simplices of which are
 all the NBB-subsets  -  Ô  !  ( L ) such that  k -  l  is a  p -group . We will see in a minute that
 NBB( L )  is homotopy equivalent to the Brown complex of  G  at  p .
 L EMMA 3 . 3 .  N #  BB( L )  is contractible .
 P ROOF .  Let  }  5  } ( !  ,  < l ) . Notice that  }  is a non-empty simplex of N #  BB( L ) .
 Furthermore , it is easy to check that for every simplex  -  of N #  BB( L ) ,  -  <  }  is a
 simplex of N #  BB( L ) .  Hence N #  BB( L ) is contractible .  h
 Next we show that NBB( L ) is homotopy equivalent to  D ( L ) .  For that , we construct a
 contractible cover of NBB( L ) the nerve of which is Meet( L ) ,  and we then use
 Corollary 2 . 6 . First , we need the following lemma .
 L EMMA 3 . 4 .  Let x  P  L . Let N x be the subcomplex of  NBB( L )  consisting of all
 simplices  -  of  NBB( L )  such that  -  Ô  ! ( L < x ) . Then N x is contractible .
 P ROOF .  If  x  P  ! ( L ) ,  then  N x  5  h [ ,  h x jj  is contractible . If  x  ¸  ! ( L ) ,  notice that  L , x
 is a prelattice and that  N x  is N #  BB( L , x ) with respect to the partial order on  !  ( L , x )
 induces from the partial order  < l  on  !  ( L ) .  Hence Lemma 3 . 4 follows from Lemma 3 . 3 .
 h
 T HEOREM 3 . 5 .  NBB( L )  is homotopy equi y  alent to  D ( L ) .
 P ROOF .  For  x  P  L ,  let  N x  be as in Lemma 3 . 4 . Notice that  ^  5  h N x :  x  P  L j  is a cover
 of NBB( L ) .  Furthermore , let  s  Ô  L .  Let  y  be the meet of  s  in  L #  . Then  " x P s  N x  5  N y  if
 y  ?  0 ,  and  " x P s  N x  5  h [ j ,  if  y  5  0 .  Hence  ^   is a contractible cover of  D ( L ) and the
 nerve of the cover  ^   is Meet( L ) .  This completes the proof of the theorem .  h
 As a corollary , we obtain the following ;
 T HEOREM 3 . 6 .  [2]
 χ˜  ( D ( L ))  5  O
 - P 6 N ( L )
 ( 2 1) u - u .
 Here  u - u  denotes the size of  - , and  6 N ( L )  is gi y  en in Definition  3 . 1 .
 P ROOF .  Since NBB( L ) is homotopy equivalent to  D ( L ) ,  we obtain that  χ˜  ( D ( L ))  5
 χ˜  (NBB( L )) .  Hence
 χ˜  ( D ( L ))  5  O
 - P NBB( L )
 ( 2 1) u - u 2 1  5  2  O
 - P NBB( L )
 ( 2 1) u - u .
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 Now , since N #  BB( L ) is contractible ,  χ˜  (N #  BB( L ))  5  0 .  Hence
 2  O
 -  P N #  BB( L )
 ( 2 1) u - u  5  0 .
 But
 2  O
 - P N #  BB( L )
 ( 2 1) u - u  5  2  O
 - P NBB( L )
 ( 2 1) u - u  2  O
 - P 6 N ( L )
 ( 2 1) u - u
 and it follows that
 χ˜  ( D ( L ))  2  O
 - P 6 N ( L )
 ( 2 1) u - u  5  0 ,
 as asserted .
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